SHARP UPPER BOUNDS OF THE BETTI NUMBERS 
FOR A GIVEN HILBERT POLYNOMIAL 

GIULIO CAVIGLIA AND SATOSHI MURAI 

Abstract. We show that there exists a saturated graded ideal in a standard 
graded polynomial ring which has the largest total Bctti numbers among all sat- 
urated graded ideals for a fixed Hilbert polynomial. 



1. Introduction 

A classical problem consists in studying the number of minimal generators of ideals 
in a local or a graded ring in relation to other invariants of the ring and of the ideals 
themselves. In particular a great amount of work has been done to establish bounds 
for the number of generators in terms of certain invariants, for instance: multiplicity, 
KruU dimension and Hilbert functions (see [MIE])- An important result was proved 
in |ERV] where the authors established a sharp upper bound for the number of 
generators z/(J) of all perfect ideals / in a regular local ring {R, m, K) (or in a 
polynomial ring over a field K) in terms of their multiplicity and their height. 

In a subsequent paper jV] , Valla provides under the same hypotheses sharps upper 
bounds for every Betti number /3i(/) = dim^^ Torf (J, i^), notice that with this 
notation /3o{I) = More surprisingly Valla proved that among all perfect ideals 
with a fixed multiplicity and height in a formal power series ring over a field K, 
there exists one which has the largest possible Betti numbers /3j's. 

The main result of this paper is an extension of Valla's Theorem. We will consider 
both the local and the graded case although the result we present for the local case 
follows directly from the graded case. 

We first consider the graded case. We show that for every fixed Hilbert polynomial 
p{t), there exist a point Y in the Hilbert scheme Hilh^^^li such that /3i{lY) > Pi{Ix) 

for all i and for all X G Hilb^^^li. Equivalently, let S = K[Xi, . . . , X„] be a standard 
graded polynomial ring over a field K, we prove 

Theorem 1.1. Let p{t) be the Hilbert polynomial of a graded ideal of S . There 
exists a saturated graded ideal L G S with the Hilbert polynomial p{t) such that 
/3i{S/L) > f3i{S/I) for all i and for all saturated graded ideals I C S with the Hilbert 
polynomial p{t) . 

Notice that Valla's result corresponds to the special case of the theorem when p{t) 
is constant. 
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Unfortunately we do not present an explicit formula of the bounds. We are con- 
vinced that such a formula, in the general case, would be hard to read and to 
interpret. Instead, as a part of the proof, we describe the construction of the lex 
ideal that achieve the bound. Using the Eliahou-Kervaire resolution it is possible 
to write an explicit formula for the total Betti numbers of every lex ideal in terms 
of its minimal generators. 

In particular explicit computations of the bounds can be carried out for a given 
Hilbert polynomial. Thus it would be possible to describe an explicit formula of the 
bounds for classes of simple enough Hilbert polynomials. For example in the special 
case when the Hilbert polynomials are constant, such a formula was given by Valla 

lYl- 

Theorem 11.11 induces the following upper bounds of Betti numbers of ideals in a 
regular local ring (see Section 3 for the proof). Let pi(t) be the Hilbert-Samuel 
polynomial of an ideal / (see [BH, §4.6]) in a regular local ring {R,m,K) with 
respect to m. 

Theorem 1.2. Let p{t) be the Hilbert-Samuel polynomial of an ideal of a regular 
local ring {R, m, K) of dimension n with respect to m. There exists an ideal L in 
A = K[[xi, . . . , Xn]] with Pl(^) = p(^) such that f3i{A/L) > f3i{R/I) for all i and for 
all ideals I C R with Pi(t) = p(t). 

Unfortunately, the proof of Theorem 11.11 is very long and complicated. Moreover, 
a construction of ideals which achieve the bound is not easy to understand. Thus 
it would be desirable to get a simpler proof of the theorem and to get a better 
understanding for the structure of ideals which attain maximal Betti numbers. 

The paper is structured in the following way: In Section 2 and 3, we reduce a 
problem of Betti numbers to a problem of combinatorics of lexicographic sets of 
monomials with a special structure. In Section 4, we introduce key techniques to 
prove the main result. In particular, we give a new proof of Valla's result in this 
section. In Section 5, a construction of ideals which attain maximal Betti numbers of 
saturated graded ideals for a fixed Hilbert polynomial will be given. In Section 6, we 
give a proof of the main combinatorial result about lexicographic sets of monomials 
which essentially proves Theorem 11.11 In Section 7, some examples of ideals with 
maximal Betti numbers are given. 

2. Universal Lex Ideals 

In this section, we introduce basic notations which are used in the paper. 

Let S = K[xi, . . . , Xn] be a standard graded polynomial ring over a field K. Let 
M be a finitely generated graded S'-module. The Hilbert function H{M, — ) : Z — )■ Z 
of M is the numerical function defined by 

H{M, k) = dimxMfc 

for all /c G Z, where Mk is the graded component of M of degree k. We denote 
Puit) by the Hilbert polynomial of M. Thus Pnit) is a polynomial in t satisfying 
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PM{k) = H{M, k) for A; > 0. The numbers 

/3„(M) = dim^Tor,(M,/^),• 
are called the graded Betti numbers of M, and /3j(M) = Xljgz called the 
(total) Betti numbers of M. 

A set of monomials W G S is said to be lex if, for all monomials u & W and 
V >iex u of the same degree, one has v G W, where >iex is the lexicographic order 
induced by the ordering xi >iex ■ ■ ■ >iex Xn- A monomial ideal J C S" is said to be 
lex if the set of monomials in I is lex. By the classical Macaulay's theorem jM] , 
for any graded ideal I G S there exists the unique lex ideal L G S with the same 
Hilbert function as I. Moreover, Bigatti [B], Hulett [H] and Pardue pPj proved that 
lex ideals have the largest graded Betti numbers among all graded ideals having the 
same Hilbert function. 

For any graded ideal I G S, let 

sat / = (/ : m°°) 

be the saturation of I G S, where m = (xi, . . . is the graded maximal ideal of 
S. A graded ideal / is said to be saturated if J = sat /. It is well-known that I is 
saturated if and only if depth(S'/J) > or I = S. 

Let L C S" be a lex ideal. Then sat L is also a lex ideal. It is natural to ask which 
lex ideals are saturated. The theory of universal lex ideals gives an answer. 

A lex ideal L C S* is said to be universal if LS[xn+i] is also a lex ideal in S'[xn+i]. 
The foUowings are fundamental results on universal lex ideals. 

Lemma 2.1 ( |MHj ) . Let L G S be a lex ideal. The following conditions are equiv- 
alent: 

(i) L is universal; 

(ii) L is generated by at most n monomials; 

(iii) L = S or there exist integers Oi, 02, . . . , at > with 1 < t < n such that 

(-W T — (^ai+l ai 02+1 „ai ^ci2 _ , at-1 at+l\ 

A relation between universal lex ideals and saturated lex ideals is the following. 

Lemma 2.2 ( |MH] ). Let L G S be a lex ideal. Then depth(5'/L) > if and only if 
L is generated by at most n — 1 monomials. 

A lex ideal / C 5* is called a proper universal lex ideal if / is generated by at most 
n — 1 monomials or I = S. 

Let I G S he a graded ideal. Then there exists the unique lex ideal L G S with 
the same Hilbert function as /. Then sat L is a proper universal lex ideal with 
the same Hilbert polynomial as /. This construction I — )■ sat L gives a one-to-one 
correspondence between Hilbert polynomials of graded ideals and proper universal 
lex ideals, say. 

Proposition 2.3. For any graded ideal I G S there exists the unique proper uni- 
versal lex ideal L G S with the same Hilbert polynomial as I . 
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Proof. The existence is obvious. What we must prove is that, if L and L' are proper 
universal lex ideals with the same Hilbert polynomial then L = L'. 

Since L and L' have the same Hilbert polynomial, their Hilbert function coincide 
in sufficiently large degrees. This fact shows = L'^ for d 3> 0. Thus satL = satL'. 
Since L and L' are saturated, L = sat L = sat L' = L. □ 

3. Strongly stable ideals, Betti numbers and max sequences 

In this section, we reduce a problem of Betti numbers of graded ideals to a problem 
of combinatorics of lex sets of monomials. 

Let S = K[xi, . . . , Xn] and S = K[xi, . . . , Xn-i]- For a monomial ideal I C S, let 
I = I n S. A monomial ideal / C S" is said to be strongly stable if uxj G / and i < j 
imply uxi G /. The following fact easily follows from the Bigatti-Hulett-Pardue 
theorem [Bl[Hl[P]. See e.g., the proof of |MHt Theorem 2.1]. 

Lemma 3.1. For any saturated graded ideal I C S, there exists a saturated strongly 
stable ideal J C S with the same Hilbert function as I such that f3ij{I) < (3ij{J) for 
all i,j. Moreover, we may take J so that J is a lex ideal in S . 

Lemma 3.2. Let J G S be a saturated strongly stable ideal. Then, 

(i) dim^ Jd = Yfk=o dinii^ Jk for all d>0. 

(ii) /3^{J)=f3f{J) foralH. 

Proof. If a strongly stable ideal J C S* is saturated then x„ is regular on S/J. 
Then J = JS, which proves (ii). Also, for all d > 0, we have a decomposition 
•Jd = ©A:=o Jkx'^^ as K-vcctor spaces. This equality proves (i). □ 

Corollary 3.3. Let J and J' be saturated strongly stable ideals in S such that J and 
J' are lex. If J and J' have the same Hilbert polynomial then = J'^ for d ^ 0. 

Proof. Lemma [3l2r i) says that dim^^: J^ — dim^^ J^^i = dim J^, so dimx Jd = dim^ J'^ 
for d ^ 0. Then the statement follows since J and J' are lex. □ 

Next, we describe all saturated strongly stable ideals J such that J is lex. By 
Proposition 12.31 to fix a Hilbert polynomial is equivalent to fix a proper universal 
lex ideal U. For a proper universal lex ideal U G S, let 

C{U) 

= {I G S : I is a lex ideal with I G sat U and dimii'(sat U)/I = dimi^(sat U)/U}. 

Note that dimi^(sat J) /J is finite for any graded ideal J G S since (sat J)/ J is 
isomorphic to the 0th local cohomology module H^{S/J). By using Lemma [221 
it is easy to see that if / G C{U) then IS has the same Hilbert polynomial as U. 
Actually, the converse is also true. 

Lemma 3.4. Let U be a proper universal lex ideal. If J is a saturated strongly stable 
ideal such that J is lex and Pj(t) = Puif), then J G C{U). 
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Proof. By Corollary 13.31 we have Ud = Jd for 0, so sat U = sat J. Also, since U 
and J have the same Hilbert polynomial, for d ^ 0, one has 

d d 

dimK Ud = dimx Uk = dim/^(sat Uk) — dimx(sat U/U) 

k=0 k=0 

and 

d d 

dimx Jd = dimx Jk = dimi^(sat Jk) — dim/^(sat J/ J). 

k=0 k=0 

Since sat J = sat U, we have dim^^ (sat J/ J) = dimft'(sat U /U) and J G C{U). □ 

By Lemmas 13.11 and 13. 4[ to prove Theorem II. it is enough to find a lex ideal 
which has the largest Betti numbers among all ideals in C{U). We consider a more 
general setting. For any universal lex ideal U G S (not necessary proper) and for 
any positive integer c > 0, define 

C{U; c) = {/ C t/ : / is a lex ideal with dim^ U/I = c}. 

We consider the Betti numbers of ideals in L{U] c). 

We first discuss Betti numbers of strongly stable ideals. We need the following 
notation. For any monomial u E S, let max u be the largest integer i such that X£ 
divides u, where max(l) = 1. For a set of monomials (or a i^-vector space spanned 
by monomials) M, let 

m<i{M) = G M : maxu < i} 

for i = 1,2, . . . ,n, where #X is the cardinality of a finite set X, and 

m(M) = (m<i(M), m<2(M), . . . , m<,(M)) . 

These numbers are often used to study Betti numbers of strongly stable ideals. 
The next formula was proved by Bigatti [B] and Hulett by using the famous 



Eliahou-Kervaire resolution p 
Lemma 3.5. Let I G S be a strongly stable ideal. Then, for all 

I3i,i+jil) = [ dim/< Jj- . jm<fc(Jj_i) -^y. J jm<fc(Jj). 

^ ^ fc=l ^ ^ k=l ^ ^ 

For vectors a = (ai, . . . , a„), b = (6i, . . . , 6„) G Z", we define 

a ^ b tti > bi for i = 1,2, . . . ,n. 

Corollary 3.6. Let U be a universal lex ideal and I,Je C{U;c). Let Aii (resp. 
Aij) be the set of all monomials in U \ I (resp. U \ J). If m{Aij) >z m{Aij) then 
> /3i{J) for all I. 
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Proof. Observe that (3i^i+j{I) = Pi^i^ji^J) = for j ^ 0. Thus, for c? ^ 0, we have 
f^iil) = Yfj=QPi,i+j{^)- Let I<d = ®t=o^k- Then by Lemma [331 

I3i{l) = dimx I<d ■ j 'm<k{,I<d-i) ^<kil: 

^ ^ ^ A,.=l ^ ^ / k=l / 

and the same formula holds for J. Since, for d ^ 0, 

m{J<d) = m{U<d) - m{Mj) >z m{U<d) - m{Mi) = m{I<d), 
we have > f3i{J) for all i, as desired. □ 
Next, we study the structure of A^/. Let 

TT — ('^,"1+1 ai a2+l ^11^12 . . . ^"-t-l at+l\ 

be a universal lex ideal, 5j = x^^ ■ ■ ■ xl'^SiX^'^^ and 6j = ai + ■ ■ ■ + + 1 = deg 5i. (If 
U = S then t = 1 and ai = — L) Let 

5*^ = K[Xi, . . . , Xn] ■ 

Then, as i^'-vector spaces, we have a decomposition 

Definition 3.7. A set of monomials C S''-*-' is said to be rev-lex if, for all mono- 
mials u (z N and v <iex u of the same degree, one has v E N. Moreover, is 
said to be super rev-lex (in S"*-*)) if it is rev-lex and u G N implies f G A^ for any 
monomial v G S^*-* of degree < degw — 1. A multicomplex is a set of monomials 
A^ C S**-*-* satisfying that u E N and v\u imply v E N. Thus a multicomplex is the 
complement of the set of monomials in a monomial ideal. Note that super rev-lex 
sets are multicomplexes. 

Let / G C{U; c) and Aij the set of monomials in U \ I. Then we can uniquely 
write 

Mi = 5^M^^) l+l 52M(2) 1+) • ■ ■ 1+) 5tM{t) 

where M^j) C S^*) and where [+J denotes the disjoint union. The following fact is 
obvious. 

Lemma 3.8. With the same notation as above, 

(i) each Mi^i) is a rev-lex multicomplex. 

(ii) if 5iM(^i) has a monomial of degree d then 5i+iAf(j+i) contains all monomials 
of degree d in Si+iS^'"'^^^ for all d. 

Note that Lemma I3.8( ii) is equivalent to saying that if M^j) contains a monomial 
of degree d then M^j+i) contains all monomials of degree d — aj+i in S'^*^^). 
We say that a set of monomials 

M = 5iM(i) l+l 52M^2) 1+| ■ ■ ■ l+| W{t) C 
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where M(j) C S^^\ is a ladder set if it satisfies the conditions (i) and (ii) of Lemma 
13.81 The next result is the key result in this paper. 

Proposition 3.9. Let U G S be a universal lex ideal. For any integer c > 0, there 
exists a ladder set N d U with = c such that for any ladder set M G U with 
#M = c one has 

m{N) y m{M). 

We prove Proposition 13.91 in Section 6. Here, we prove Theorem 11.11 by using 
Proposition 13.91 

Proof of Theorem \l.l\ Let U G S he a. proper universal lex ideal with Pu{t) = p{t) 
and U = U n S. Let c = dimi<'(sat U/U). For any lex ideal I G sat U, let A^/ be 
the set of monomials in (sat U \I). 

Let N G sat U he a ladder set of monomials with j^N = c given in Proposition 
13.91 Consider the ideal J G S generated by all monomials in sat U \ N. Then 
J G sat U and Mj = N. In particular, J G C{U). 

Let L = JS. By the construction, Piit) = Puif) = p(t). We claim that L 
satisfies the desired conditions. Let / C 5* be a saturated graded ideal with Pi{t) = 
p{t). By Lemmas 13. II and 13. 4[ we may assume that / is a saturated strongly stable 
ideal with / G C{U) = £(sat f7;c). Since A^j is a ladder set, by the choice of J, 
m{Mj) h m{Mj). Then, by Corollary ESI Pi{L) = l3i{J) > = for all i, 
as desired. □ 

Another interesting corollary of Proposition 13.91 is 

Corollary 3.10. Let U G S be a universal lex ideal and c > 0. There exists a 
lex ideal L G U with dim^^ U / L = c such that, for any graded ideal I G U with 
diiRK U/I = c, one has f3i{L) > (3i{I) for all i. 

Finally we prove Theorem 11.21 

Proof of Theorem Let I he an ideal in a regular local ring {R, m, K) with the 
Hilbert-Samuel polynomial p{t). Then the associated graded ring gr^{R/I) has the 
same Hilbert-Samuel polynomial as R/I and (3i{R/I) < f3i{gr^{R/ 1)) for all i (see 
lU and jHRV] ). 

Let S = K[xi, . . . ,Xn] and S' = S[xn+i] he standard graded polynomial rings. 
By adjoining a variable to gT^{R/I) we obtain a graded ring that is isomorphic 
to S'/J for a saturated graded ideal J G S'. Then PgT^(R/i)it) is equal to the 
Hilbert polynomial of S'/J and A(gr^(i?//)) = P^{S'/J) for all i. Let L' G S' he 
the saturated ideal with the same Hilbert polynomial as J given in Theorem 11.11 
Observe that L' has no generators which are divisible by Xn+i by the construction 
given in the proof of Theorem 11.11 

Let L G A = K[[xi, . . . , Xn]] he a monomial ideal having the same generators as L'. 
We claim that L satisfies the desired conditions. By the construction, the Hilbert- 
Samuel polynomial of L is equal to the Hilbert polynomial of L' and /3i{L) = Pi{L') 
for all z. Since A(i?/J) < /3i{S'/J) < f3,{S'/L') and pR/i{t) = Ps'/j{t) = Ps'/L'{t), 
the ideal L satisfies the desired conditions. □ 
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4. Some tools to study max sequence 

In this section, we introduce some tools to study m{—). Let S — K[xi, . . . , x„] and 
S = K[x2, ■ ■ ■ , Xn]- From now on, we identify vector spaces spanned by monomials 
(such as polynomial rings and monomial ideals) with the set of monomials in the 
spaces. First, we introduce pictures which help to understand the proofs. We 
associate with the set of monomials in S the following picture in Figure 1. 



Figure 1 
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Each block in Figure 1 represents a set of monomials in 5* of a fixed degree ordered 
by the lex order. We represent a set of monomials M C by a shaded picture 
so that the set of monomials in the shade is equal to M. For example. Figure 2 
represents the set M — {l,xi,X2, ■ ■ ■ , Xn, x^}. 



Figure 2 
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Definition 4.1. Wc define the opposite degree lex order >opdiex by u >opdiex if (i) 
degw < dcgy or (ii) degw = Acgv and u >iex v. 

For monomials Ui >opdiex 1*2, let 

[M1,M2] = {v e S -.Ui >opdlcx V >opdlex U2} ■ 

A set of monomials M C S* is called an interval if M = [mi,-U2] for some monomials 
tii,ti2 e S. Moreover, we say that M is a lower lex set of degree d ii M = [a;f,M2], 
and that M is an upper rev-lex set of degree d ii M — [ui, x^]. (See Fig. 3.) 
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U2 
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xz 



Interval Lower lex set Upper rev-lex set 

A benefit of considering pictures is that we can visualize the following map p 
S ^ S. For any monomial x\u e S with u e S, let 

p{x'lu) — u. 

This induces a bijection 

P '■ Sd — @if^^Qx\S(i-k ^ ^<d — ®k=0^k 



X7U 



U. 



It is easy to see that if [wi, uq\ C Sa then p{[ui, U2\) = [p{ui) , p{u2)\ is an interval in 
S. (See Fig. 4.) 

Figure 4 
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In particular, we have 

Lemma 4.2. Let M G Sd be a set of monomials. 

(i) If M is lex then p{M) is a lower lex set of degree in S . 

(ii) // M is rev-lex then p{M) is an upper rev-lex set of degree d in S. 

We define max(l) = 1 in 5* and max(l) = 2 in 5". For any monomial u & with 
u 7^ xf, one has max(M) = max(p(-u)). Hence 

Lemma 4.3. Let M C Sd be a set of monomials. One has m{M) ^ m{p{M)). 
Moreover, if xf ^ M then m{M) = m{p{M)). 

Lemma 4.4 (Interval Lemma). Let [mi,M2] be an interval in S, < a < degwi and 
b > degii2- Let L <Z S he the lower lex set of degree a and R the upper rev-lex set of 
degree h with #L = = u-^. Then 

m{L) y m([ui,U2\) ^ m{R). 
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Proof. We use double indTiction on n and #[mi,M2]. The statement is obvious if 
n = 1 or if #['Ui,'U2] = 1- Suppose n > 1 and i^[ui,U2] > 1. 

Case 1. We first prove the statement when [mi,M2], L and R are contained in a 
single component for some degree d. We may assume L ^ [mi,M2] and L ^ R. 
Then, since xf ^ [^1,1^2], 1*2]) = "^(^([1*1,^2])) and m(i?) = m{p{R)). Since 

p{L) C S<d is a lower lex set of degree 0, p{\ui,U'2\) C S<d is an interval and 
p{R) C 5'<(i is an upper rev-lex set of degree d in 5*, by the induction hypothesis, 
we have 

m(L) ^ m(^p{L)^ >z m(p([Mi, M2])) ^ m(^p{R)) = m{R). 

Then the statement follows since m{p{[ui,U2\)) = m{[ui,U2\). 

Case 2. Now we prove the statement in general. We first prove the statement for 
L. We identify Si with the set of monomials in S of degree i. Suppose #[1*1,1*2] > 
^Sa- Then there exist ti'^, U2 & S such that 

[U1,U2\ = [ui,U2] |+|Kl,ti2] 

and 1*2] = #'S'a. Let L' be the lower lex set of degree a+1 with #L' = 1*2] ■ 
By the induction hypothesis, m{Sa) ^ m([tii,U2]) and m{L') >z m{[u''^,U'^). Thus 

m{[ui,U2]) :<m{Sa\^L') =m{L). 

Suppose #['Ui,M2] < ^'S'a- Then L C Sa- Let = deg-ui and A d the lex set 
with #A = #[mi,M2]. Then A — xf~°'L. Since m(A) = m{L), what we must prove 
is 

m{A) >i m[[ui,u-^). 

Since #[-Ui,-U2] < #5'a < ^Sd+i, we have deg-U2 < (i+ 1. 

If degM2 = d, then [mi,M2] C Sd- Then the desired inequality follows from Case 
1. Suppose degM2 = d+1. Then 

K,ii2] = k,4]|+)[^f\«2]. 

Recall #['Ui,'U2] < < #Sd. Let S C -S^ be the lex set with #S = ^[xf+\u2]. 
Then [xf \tX2] = XiS. Since #5 + = #^,1*2] < #-5^, S n K,^] = 0. 

Then, by Case 1, 

m(['Ui, 1*2]) = m{B) + m{[ui, x^]) ^ m{A). 

(See Fig. 5.) 

Figure 5 
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Next, we prove the statement for R. In the same way as in the proof for L, we 

may assume #[mi,M2] ^ #'S'f,. Let d = deg-U2- 

If degMi = d, then ['Ui,-U2] C Sd and A = x\^'^[ui,U2\ is an interval in Sb- Then, 
by Case 1, we have m{[ui,U2]) = m{A) >z m{R) as desired. Suppose degwi < d. 
Then 

[-^1,1^2] = K,4"^]|+|[a;f,ii2]. 

Let R! be the upper rev-lex set of degree h m. S with ^R! — a^^""^]- Then, 

m(K,W2]) >l m{R!)+m{[xtu2\)^m{R!)+m{[x\,x\-'^U2]), 

where the first inequality follows from the induction hypothesis on the cardinality. 
Since R \ R' C Sf, is an interval and [x^, x\~'^U2] C Sf, is lex, by Case 1 we have 

m{R') + m([x?, y m{R') + m{R \ R!) = m{R), 

as desired. (See Fig. 6.) 

Figure 6 
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Recall that a set M C of monomials is said to be super rev-lex if it is rev-lex 
and u E M implies f G M for any monomial f G S* of degree < dcgu — 1. 

Corollary 4.5. Let R G S be an upper rev-lex set of degree d and M G S a super 
rev-lex set such that + #M < i^S<d- Let Q G S be the super rev-lex set with 
^^R + ^M. Then 

m{Q) y m{R)+m{M). 
Proof. Let e = min{A; : x^ ^ M} and F ^ {u e Se : u ^ M}. If #F > then 

Q = M[jj{Q\M) 

and Q \ M C -F is an interval. Thus m{Q\ M) ^ m{R) by the interval lemma. 
Suppose #F < Write 

R^l\^R' 

such that / is an interval with #7 = #F and R' is an upper rev-lex set of degree d. 
Since F is a lex set, the interval lemma shows 

m(M) + m{R) = m{M) + m{I) + m{R') ^ m{F l+| M) + m{R'). 

Then F[+JM is a super rev- lex set containing xf. By repeating this procedure, we 
have m{M) + m{R) ^ m{Q). □ 
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The above corollary proves the next result which was essentially proved in [ERV] . 

Corollary 4.6 (Elias-Robbiano- Valla) . Let M G S be a finite rev-lex set of mono- 
mials and R G S the super rev-lex set with = #M. Then m{R) >z m{M). 

Proof. Let M = l+J^o^«' where Mj is the set of monomials in M of degree i and 

= max{i : Mi ^ 0}. Let -R(<j) be the super rev-lex set with ij^R(<j) = # l±Ji=o 
We claim m{R(^<jj) >z ^(1+1^=0 "^«) 3- This follows inductively from Corollary 

14.51 as follows: 

j i-i 

m(|+)M,) =m(|+|Mi) + m{Mj) ^ m(i?(<j_i)) + m(Mj) <m{R(<j)). 

i=0 1=0 

(We use induction hypothesis for the second step and use Corollary 14.51 for the last 
step.) Then we have m{R) = m(_R(<Ar)) >z ^(jSiLo^i)- '-' 

We finish this section by proving the result of Valla which we mentioned in the 
introduction. 

Corollary 4.7 (Valla). Let c be a positive integer and M G S the super rev-lex set 
with #M = c. Let J G S be the monomial ideal generated by all monomials which 
are not in M. Then, for any homogeneous ideal I G S with dimx{S/ 1) = c, we 
have f3i{S/J) > f3i{S/I) for all i. 

Proof. The proof is similar to that of Corollary 13.61 By the Bigatti-Hulett-Pardue 
theorem, we may assume that / is lex. Then Lemma [3.51 says, for 0, we have 

and the same formula holds for J. Let C S* be the set of monomials which are 
not in /. Since iV is a rev-lex set with = c, for ^ 0, by Corollary 14.61 we have 

m{J<d) = m{S<d) - m{M) ^ m{S<d) - m{N) = m{I<d)- 
Hence /3j(J) > for all i as desired. □ 

The proof given in this section provides a new short proof of the above result. 
The most difficult part in the proof is Corollary 14.61 The original proof given in 
|ERVj is based on computations of binomial coefficients. On the other hand, our 
proof is based on moves of interval sets of monomials. 

5. Construction 

In this section, we give a construction of sets of monomials which satisfies the 
conditions of Proposition 13. 9^ and study their properties. 
Throughout this section, we fix a universal lex ideal 

JT — (^ai+l ai 02+1 „ai 02 _ _ at_i at+l\ 

u — , ^2 , . . . , ^2 -^t-l -^t )■ 

We identify vector spaces spanned by monomials (such as polynomial rings and 
monomial ideals) with the set of monomials in the spaces. Thus, S"*^*-* is the set of 
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monomials in K[xi, . . . , Xn] and as we see in Section 3 the universal lex ideal U is 
identified with 

where 5i = ■ ■ ■ xl'Zi x'l'^^ for i = 1, 2, . . . , t. Let hi = deg 5^ = oi + • — h Oi + 1 for 
z = l,2,...,t.. 

Let M gU. We write 

t 

jjii) ^ ^.gii)^ mH) ^Mn U'^'\ U^^^ = 1+) 6kS^''^ and M^^^^ = M n U^^'\ 



k=i 



Also, we identify U^-^^ = \ijk>i^kS^''^ with the universal lex ideal in K[xi, . . . ,a;„] 

aiH htij_ J 

generated by {S'f, — — 'q^^k '■ k — i,i + 1, . . . ,t}. For any set of monomials M, 



we write Mk for the set of monomials in M of degree k and M<j = I+J'^^q ■ 

Like Section 4, we use pictures to help to understand the proofs. We identify U 
with the following picture and present M by a shaded picture. 

Figure 7 
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For example, Figure 8 represents M = 6i{l, Xi, X2, . . . , Xn} l+J 52{1}. 

Figure 8 









xi 


4 

. . . X^ 


o^2 
^2 


/v»2 

• • • -^n 


X^ . . . Xfi 


xf 


/v*3 
■ ■ ■ -^n 


X2 


■ ■ ■ 


1 


xl 


X^ 


///V//,- 




Xl 


■ ■ ■ ■^n 









M 

Also, we define the map p : f/ — )■ f/ by extending the map given in Section 4 as 
follows: For dix'^u G t/*^*) with ti G A'[a;j+i, . . . , a;„], let 



p{5ix\u) 



if i < t — 1, 
0, ifi = t. 



We call the above map p : U ^ U the moving map of U . The moving map induces 
a bijection from [//^ = {5iU e U^'^ : degu = j - bi} to ^7</+i.^, = G U^'+'^^ : 

degii < j — 6i} for i = 1, 2, . . . , t — 1. Also, we have 
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Lemma 5.1. For N C Uf' with i<t-l, one has m{N) >z m{p{N)). Moreover, if 
5ixi~'" N then m(N) = m{p{N)). 

Next, we define ladder sets M C U which attain maximal Betti numbers. Recall 
that a subset M G U is called a ladder set if the following conditions holds: 

(i) {u E S**-*-* : 5iU G is a rev-lex multicomplex for i = 1,2, ... ,t. 

(ii) if Mf then m/+^^ = ?7j*+^^ for i = 1, 2, . . . , t - 1 and for all j > 0. 

To simplify the notation, we say that C f/(*) is a super rev-lex set (resp. interval, 
lower lex set or upper rev-lex set of degree d) if N' = {u E S^'^^ : SiU E N} is super 
rev- lex (resp. interval, lower lex set or upper rev-lex set of degree d — hi) in 5"^*^. 

Definition 5.2. A monomial f — S E ui^^ is said to be admissible 

over U if the following conditions hold 

(i) deg p\f) < e + 1 or p\f) = 6,+, for i = 1, 2, . . . , t - 2, 

(ii) p'-\f) = St or p'-\f) >opdiex Stx^'-''. 

Note that the second condition in (ii) cannot be satisfied when e -|- 1 — 6t < 0. Also, 
if t = 1 then all monomials in U are admissible. Also p^~^{f) >opdiex <^t2^t^^~^* if 
and only if degp*^-'^(/) < e or p^~^{f) = 5txl^^~^\ 

We say that / E Ue^ is admissible if it is admissible over ^7*^-*). Note that 
SiX^ E C/^*^ is admissible for all i and k. 

Definition 5.3. Fix c > 0. Let >diex be the degree lex order. Thus for monomials 
u,v E S, u >diex V if deg w > degt' or degw = deg^; and u >iex v. Let 

/ = max{5r E U^^^ : g is admissible and E U : h <diex g} < c} 

>dlex 

and 

L(,) = {hE : h <diex /}. 
Let M = M(i) 1+) ■ ■ ■ 1+) M(*) C C/ be a set of monomials with #M = c. We say that 
M satisfies the maximal condition if M^^^ — L(c). Also, we say that M is extremal 
if M^-'^^ C U^-'^^ satisfies the maximal condition in C/^-*^^ for all k. 

Example 5.4. Ut — 1 then any monomial mU = ^i^^^^ is admissible and extremal 
sets can be identified with super rev-lex sets in S'^^^ 

Example 5.5. Suppose t = 2. Then / = Six"^ x'^'^ ■ ■ ■ x'^" , where / ^ Six^^, is 
admissible in f/ = SiS^^^ \+j62S'''^^ if «i > 02 or / = dix'l^'^x^'^ . In other words, a 
monomial / E 5i5'^^'* is admissible if and only if / >icx 6ix\^~^X2~"''^^^ ii a2 < d and 
/ = 5ix'l if a2 > d. For example, if 61 = x\ and 82 = Xix\ then the admissible 
monomials in U^^ = 6i{Sl^^^) are 

Sixf, 5ix\x2, 5ix\x^, . . . , 5ix\xn, 5iXix\. 

Example 5.6. Suppose t = 3. The situation is more complicated. A monomial 
/ = 81X1^X2^ ■ ■ ■x'^ E ui^\ where / 7^ Six^^ , is admissible in U if and only if the 
following conditions hold: 
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• «! > - 1; 

m . . . ™«„ > „ ™e+l-b3 03 a„ _ 1 

■^S '''n —opdlex -^3 ^J- -^s -^n — J-- 

For example, if (5i = x1, 62 = xix^, S3 = aJiXgX^ and n = 3 then the set of the 
admissible monomials in U^^^ = 6i{K[xi,X2,X3]4) are 

U {5ixlx2, 5ixlx3} U {5ixlxl, 5ixlx2X3} U {5iXixl, diXixlxs}. 

Example 5.7. Let U = xjS^^^ \SxixlS^^\ Suppose c = + 2. Then 

max {/ G f/^^-* : / is admissible and eU : h <dicx /} < c} = ^iX^. 

>dlcx 

Indeed, 

i^{heU:h <diex = l+){52} = 2 ^) + 1 

and 

eU : h <dlcx ^1X1X2} = #((5l5'<3 \ Si{xl,xlx2, . . .,xlXn}) [^S2S^^l 

> c. 



n + 3 



By Example the lex-smallest admissible monomial in U^^^ is 61X1X2- Thus the 
extremal set L G U with #L = c is 

L = 5i5Sl+|52{l,x4. 

Example 5.8. In general, it is not easy to understand the shape of extremal sets, 
but in some special cases they are simple. 

If 61 = 62 = ■ ■ ■ = &t then any monomial in U is admissible. Thus any extremal 
set M in f/ is of the form 

M = {heU:h <diex /} 

for some f & U. 

If 62 > e then the only admissible monomial in Ue^^ is 6iXi~^^ . Thus if 61 ^ 62 ^ 
■ ■ ■ bn (for example, if — bi > c for all i), then any extremal set M in U with 
#M = c is of the form 

M = 6,S^l 1+) 525^1 1+) ... 1+) y iV, 

where N C and #5^;^^ y . . . y 5?,"^) l+J iV < #5(f+i for z = 1, 2, . . . , t - 1. 

In the rest of this section, we study properties of extremal sets. Suppose t > 3. 
For an integer k > — CI3, we write U'^'^^[—k] = (x^Si)S^^\ In the picture, [/*^*^[— /c] 
is the picture obtained from that of f/*-*^ by moving the blocks k steps above. In 
particular, for any integer k > —03, U' = f^*-^-* l+J(l+J*=3 f^*-*'' [— /i^]) is a universal lex 
ideal. (See Fig. 9.) 
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Figure 9 



C/{>2) 



u' ^ u('^ \S{\SUu^-k]) 



Lemma 5.9. Suppose t > 3. Let f E d = degp(/) and k > —a^ with 

e — d + k > 0. Then f is admissible over U if and only if the following conditions 
hold: 

• degp(/) < e + 1 or p{f) = 62; 



e—d+k 



is admissible in U' = C/^^) l+Jd+J^s 



Proof. Let be the moving map of U', S'^ = x^6i and p*(/) = ^j+iMj+i for i — 
2, . . . , t - 1. Then <^'(p(/)xr'^+^') = 6^^,u,+2 for ^ = 1, 2, . . . , t - 2. Thus deg p\f) < 
e + 1 if and only if deg(f)'-\p{f)x^2~'^+'') < e + 1 + A; for i > 2. Also, p^'^f) >opdiex 
5txt+'-'^ if and only if <P'-^pif)xl+'+') >opdiex S^x^'-'K Since degp(/)xr'+' = 
e + k, the above facts prove the statement. □ 

By the definition of the maximal condition, the following facts are straightforward. 

Lemma 5.10. Let M C U be an extremal set. 

(i) //#M > #t/<e then M D U<,. 

(ii) // #M > #C/^li l±J C/|') then M D uf^_, l±J t/g'^ . 

Proof. Since M is extremal, there exists an / G f/*-^-* such that 

M(l) = {/i e : h <dlex /}. 

(i) Since 5iX^^^ is admissible and {h E U : h <dicx f^ia^i"^^} = f^<e, / >diex 
Sixl-''\ Then M(i) D {h e U^^^ : /i <diex SiX^-^'} = Uf^. Also, #M(^2) ^ ^|/^ ^ 

?7*^-^^ : h <dicx /} 3 f^<^i by the definition of the maximal condition. Then the 
statement follows by induction on t. 

(ii) . It is clear that M D U<e-i by (i). If deg / > e then 

Then #M(^2) > ^f/g^) ^(>2) ^ ^g2) ^.^ ^ desired. If deg/ < e then 
M(i) = C/g_i and #M(^2) > ^f/g^) by the assumption. Hence M^^^) ^ jj^^) 
(i). - - - □ 

CoroIIciry 5.11. Extremal sets are ladder sets. 
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Proof. If M C [/ is extremal then M*^*) is super rev-lex for all i by the maximal 
condition. It is enough to prove that if ikfi^^ ^ then M D U^ff\ If Afi^^ ^ then 
there exists an admissible monomial / G t/i^'* such that 

#M > G t/ : <diex /} > #f/S_i l+l f/g'^ 
Then the statement follows from Lemma 15.101 □ 
Lemma 5.12. Suppose t >2. Let M G U be an extremal set. 

(i) // 02 > then mP ^ z/ and only if #M > #f/g^ . 

(ii) If 02 = and ^ then #M > #f/g^ 

Proof. Let / G t/i^'* be the lex-smallest admissible monomial in t/i^^ over [/. 
(i) It suffices to prove that 

(2) #{/ief/:/i<dicx/} = #f/S. 

If / = 6ixl-''' then /' = 6ixl-^'-^ X2 is not admissible. By the definition of the 
admissibility, one has deg = deg 62X2 > e + 1 and 62 > e. In this case we have 
{heU:h <dicx /} = f/S- 

Suppose / 7^ 6ixl~'^^. We prove by using induction on t. Suppose t = 2. Then 
/ = -'sf and 

{/^ G f/ : <dicx /} = f/S-i 1+) 

Since p([/,5ia;r''1) = IS'jtT+iUf, we have 

#{/^ G f/ : <diex /} = #f/S-i + = 

where we use p{Ue^^) = U^}j^^^ for the last equality. 

Suppose t > 3. Since 7^ ^2, we have degp(/) = e + 1. Indeed, by Lemma 
\5.9\ deg p{f) < e + L On the other hand, since b\x'^2~^ ^V"^'^^ is admissible over [/, 



/ <iex Thus degp(/) > degp(5ixf = e + 1. 

J13 



Consider \J' = U^'^'^ [±l*=3 !]• By Lemma [5l9] (consider the case when d = e+1 



and k = 1), p{f) is the lex-smallest admissible monomial in U^'^i over U'. Then 

(3) # [P(/), 52<+^-^1 1+) ^ = #[P(/), 52<+^-''^] 1+) f/g l+l f/'|?i 

= #{/lGf/':/l<dlexP(/)} 

7r<-^<e+l 

where the last equation follows from the induction hypothesis. On the other hand 

(4) {heU:h <diex /} = [/, S,xt'^] 1+) f/g_, l+l f/(f ) 
and 

l+l ) 

j=e+2 
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(E]), (i]) and (ED show 

#{h(^U:h <dlex /} = l+l Ufla, = 1+) U^'^ = *Uf, 

where the second equahty follows since p{ui^^) = U^^_^a2- 
(ii) It suffices to prove that 

{heU:h <diex /} > #f/S- 
Since 02 = 0, #f/<^e = i^u'e^ ■ Then we have 

MheU:h <diex /} > 1+) Ufl = i^Uf,_, 1+) ^(1) = f/«, 

as desired. □ 



Corollary 5.13. Suppose t > 2. Let B C Ue^^ be the rev-lex set and N C U^-^^ 
a ladder set with > #f/<.~ . Let Y C U be the extremal set with #F = 
y S 1+) AT. // #5 [+J < i^uP then 

Proof. Since #F > #f/<e-i, we have Y D f/<e-i by Lemma 15.101 On the other 
hand, since #y = #t/<e'_i l+J 5 [+J < #f/^^j by the assumption, we have y}^^ = 
by Lemma Elia Hence Y^^^ = f/^^^.^. □ 

For monomials / >iex 9 e uf, let [f,g) = [f,g] \ {g}. 

Lemma 5.14. Let f G Ue^^ be the lex-smallest admissible monomial in Ue^^ over U 
and g >\e^ h G U^^ admissible monomials over U such that there are no admissible 
monomials in [g, h] except for g and h. Then i^[g, h) < #[/, ^iX^"''^]. 

Proof. If t = 1 then all monomials are admissible over U . If t = 2 then any monomial 
w G U^^ with w >iox / is admissible over U . Thus the statement is clear if t < 2. 

Suppose t > 3. Since g ^ h we have / 7^ By the definition of the 

admissibility, we have deg(p(/)) = e if 02 = and deg(p(/)) = e + 1 if 02 > 0. We 
consider the case when 02 > (the proof for the case when 02 = is similar) . 

Consider U' = t^*-^-* l+J(liJ*=3 t^*-*-* [— !])• Since any monomial w G f/i^"* such that 
p{w) = S2X2 with < e + 1 — 62 is admissible over U, we have p{[g, h)) C Sd for 
some (i < e + 1. Let 

A = xl-^'-'p{[g,h)) = [xl-^'-''pig),xr''-''pih)) c u!:%. 



(See Fig. 10.) 
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Let w & A. Then w 



X 



e+l-d 



p{w') for some w' G [g^h). Lemma [5l9] says that w 



is admissible over U' if and only if w' is admissible over U . Hence A contains no 



admissible monomial over U' except for xl+'-^pig). By Lemma EH p{f) e 

(2) 

is the lex-smallest admissible monomial in U^^-^ over U'. Then, by the induction 
hypothesis, 



„e-bi] 



#A < #[p(/),52<-'^] = #p([/,5ixr'^]) n < W.hx 
Then the statement follows since #[(7, h) = i^p{[g, h)) = ^A. □ 

Lemma 5.15. Let M C U be an extremal set, e = min {k : Six'l"''' ^ M} and 
H = Ue\ Mg. Let f e ui^^ be the lex-smallest admissible monomial in ui^^ over U . 
Then 



(i) #f/<, + #[/,<5ixr''^] <#f/. 

(ii) i^M + i^H < 4^uf^^,. 



(1) 

<e+l- 



Proof. We use induction on t. If t = 1 then then the statements are obvious. Suppose 
t > 1. 

(i) If 02 > then by Lemma 15.121 



r(i) 

<e+l 



#?7<e + #[/, S,xt''] =i^{heU:h <dlex /} + = #f/S + < m_ 

as desired. Suppose 02 = 0. Then 

p([/,^iO]) = [p(/),52xr'^]c[/f 

and p{f) is the lex-smallest admissible monomial in Ue'^^ over f/*^-^^ by Lemma 15.9 
Then by the induction hypothesis 

#t/<e + #[/, 5lXr'^] = #f/« + (#f/|') + #[p(/), 52xr'^]) 



#f/S.i 



as desired. 



(ii) Suppose ^ . Then M^^^ 



0. Since M*^-^^ is extremal over U^-'^\ by 
the induction hypothesis 



^(1) 

<e+l' 



20 GIULIO CAVIGLIA AND SATOSHI MURAI 

where we use #f/i+i = #f/<^e_,_i+a2 — '^^<e+i ^^^^ inequality. 

Suppose Mi^^ = uP. Let g = max>^;^^ M^^) and let 

/i = min{h G U^} : h is admissible over [/ and h >diex 5'}- 

>dlcx ~ 

Then [jj, g) C uP since (7 >dicx ^la^i Since M is extremal, 

<4^{heU -.h <dlex /U}. 

Since M^^) = {/i G t/^^) : /i <dicx g}, H = [6ixl'^\g). Thus 

i^M + i^H < #{/iGf/:/i<dicx/i} + #[5ixr'\^7) 
= #f/<, + #[/i,^;) 

< #f/<e + #[/,5ixr'^], 

where the last inequality follows from Lemma 15.141 Then the desired inequality 
follows from (i). □ 

6. Proof of the main theorem 

Let U be the universal lex ideal as in Section 5. The aim of this section is to 
prove the next result, which proves Proposition 13.91 

Theorem 6.1. Let M C U be a ladder set and L d U the extremal set with 
^L = i^M. Then m{L) y m{M) . 

The proof of the above theorem is long. We prove it in subsections 6.1, 6.2 and 
6.3 by case analysis. 

In the rest of this section, we fix a ladder set M G U. 

6.1. Preliminary of the proof. 

For two subsets A,B G U, we define 

A > ^ #A = #5 and m{A) >z m{B). 

Let X C f/(^) be the super rev-lex set with #X = #M(i). Then {k : ^ ^ 
0} D {A; : Xfc ^ 0}. Thus X U M^^^) jg g^jg^ j^^^^g^ g^^ jj^ gj^^g x > M^^) by 

Corollary 14. 6[ we have 

Lemma 6.2. There exists a ladder set N C U such that N^^^ is super rev-lex and 
N:$> M. 

Thus in the rest of this section, we assume that M(^) is super rev-lex. Let 

e = min{fc : 5ix'l'^' ^ M} 

and 

/ = max{g G f/<g : g is admissible over U and ^{h G U : h <diex fl'} < #^}- 

>dlox ~ 

Since 6ixl~^^~^ is admissible over U, we have / = or deg/ = e. We will 

prove 
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Proposition 6.3. With the same notation as above, there exists a ladder set N such 
that N :^ M and 

= {hE : h <die. /}. 

The above proposition proves Tlieorem l6.1[ Indeed, by applying tlie above propo- 
sition repeatedly, one obtains a set N which satisfies the maximal condition and 
N S> M. Then apply the induction on t. Also if t = 1 then Proposition 16.31 follows 
from Corollary 14.61 In the rest of this section, we assume that t > 1 and that the 
statement is true for universal lex ideals generated by at most t — 1 monomials, and 
prove the proposition for U. By the above argument, we may assume that Theorem 
16.11 is also true for universal lex ideals generated by at most t — 1 monomials. 

Lemma 6.4. There exists a ladder set N C U with N ^ M and min{A; : dix^'''^ ^ 
N^^^ } = e satisfying the following conditions 

(Al) A^*^-*^^ is super rev-lex and N^-"^^ is extremal in f/^-^^ . 
(A2) p{nP) U Ar(2) D f/g_^^^ or p{N^^^) n A^^^) = 0. 

(A3) Ift = 2 and p{NP)r]N^'^^ = ^ then = 0. Ift > 3 and p{NP)r]N^'^^ = 
then N^^^ = or there exists ad>e such that A^^^) = f/|^j and A'^J^ ^ f/^J^. 

Proof Let F = M^^\ Then M = (f/i-^^^.^ [+) F) [+) M^^) [+J M^^^) ^^^^^ ^{i) jg g^p^^ 
rev-lex. 

Step 1. We first prove that there exits A^ satisfying {Al). Let X be the extremal 
set in f/(^2) ^j^j^ = #M(^2)_ 

A^ = m(^) l+l a: = f/^^^^_i 1+) F 1+) X 

Since we assume that Theorem 16. II is true for U^-'^\ N ^ M. What we must prove 
is that AT is a ladder set. Since M^^^) ^ ^g2)^^ ^ #M(^2) > ^u^^%. Then 

Lemma [5.121 says X D f^<e_i, which shows that X is a ladder set if F = 0. If F 7^ 

then M^-^) D f^<e^^ by the definition of ladder sets, and X D f/<g^^ by Lemma [5.121 
Hence X is a ladder set. 

Step 2. We prove that if M satisfies (Al) but does not satisfy either {A2) or {A3) 
then there exists an N satisfying (A2) and (A3) such that ^N^^^ is strictly smaller 
than #M(i). We may assume p{F) U M^^) ^ ufl_^^^. Let 

a = min{fc:Mf ^ f/f ^}, 
h = max{k ■.k<e + a2, p{F)k ^ t/f ^} 

and 

d = max{fc:Mf^ = f^f ^} 
where ci = 00 if n = 2. Let if = U^^l \ M^^). (See Fig. 11.) 
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Since p{F) is an upper rev-lex set of degree e + 02, p{F) = p{F)b \S{\i)'j=b+i )• 
li H = dS then M^^) = uf^. Since U M^^) 7^ f/I^V^^, we have b > d and 
p{F) n M(2) = 0, which says that M satisfies {A2) and (A3). Suppose if 7^ 0. 
Observe that for any super rev-lex set L with U^^] C L C U^}, M^^^ l+J l+J M^-^^ is 
a ladder set. 

Case 1 : Suppose > Note that if t = 2 then we always have jj^H > ^F. 
Then M^"^^ is super rev-lex and p{F) is an upper rev-lex set of degree e + 02 with 
#M(2) + #p(F) < #f/<j. Let i? C f/(2) be the super rev-lex set in t/^^) with 
= #M(2) + #p(F). By Corollary im 

(6) m{R) h m{M^^^) + m{p{F)) = m{M^^^) + m{F). 

Also, since R is super rev-lex, ?7<g C R C U^^. Thus 

iV = f/(H+)i?l+)M(^3) 

is a ladder set. Then nP = and > M by (E]). Hence satisfies (A2) and 
(A3). 

Case 2: Suppose < Observe that M^'^^ U p{F) contains all monomials 

of degree k in f/^^^ for < a and b < k < e + a2. Since M U p{F) ^ U^}j^^,^, we have 
a<b. 

Let / C p(F) be the interval in f/^^) such that #/ = #iia and p{F)\I IS an upper 
rev- lex set of degree e + a2, and let F' C F be the rev-lex set with p{F') = p{F) \ L 
Since Ha is a lower lex set of degree a, by the interval lemma, 

m{M^'^^) + m{p{F)) < m [+) M^^) j +m(p(F) \/) = m(f/g) +m(p(F')). 

(See Fig. 12.) 
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+ 




+ 



U. 



(2) 



M(2) p{F) 
If p(F') U [/g; D then 



Pin 



is a ladder set and satisfies N ^ M and conditions (A2) and (A3) since 



7V(2) 3 f/(2) 



Suppose p(F') U U^^l ^ U^<I+a2- Then p(F') C l+JJ^^+i Since we assume 

#H < #F, #F' = #F - > #{H\Ha). Let J C p(F') be the interval in 

C/^^^ such that #J = \ -ffo) and p(F') \ J is an upper rev-lex set of degree 
6 + 02, and let F" C F' be the rev- lex set satisfying p{F") — p{F') \ J. Since 
H\Ha — l+Jj=a+i C^j is a lower lex set of degree a + 1, by the interval lemma 

m{ufl) + m{p{F')) ^ m(M(2) [+Ji/) + m{p{F")) = m(t/|]) + m{p{F")). 

(See Fig. 13.) 

Figure 13 



r(2) 



r(2) 




U. 



(2) 
<a 



+ 



u. 



(2) 



Then 



N-{uSL\:^F")[^uf,\+jM^>-^^ 

is a ladder set and satisfies N ^ M and conditions (A2) and (A3) . 
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Finally, since Step 1 does not change the first component M^^'^ and Step 2 decreases 
the first component, by applying Step 1 and 2 repeatedly, we obtain a set N G U 
satisfying conditions (Al), (A2) and (A3). □ 

Lemma 16.41 says that to prove Proposition 16.31 we may assume that M satisfies 
(Al), (A2) and (A3). Thus in the rest of this section we assume that M satisfies 
these conditions. 

6.2. Proof of Proposition [63] when / ^ dixl'^^'^. 

In this subsection, we prove Proposition 16.31 when / ^ 6ixl~^^~^. In this case we 
have deg / = e. Let 

and F = Me^\ Since Sixl~'^^ ^ F by the choice of e, we have m{F) = m{p{F)). 
Also we have 

Indeed, this is obvious when F 7^ by the definition of ladder sets. If F = then 

#M(^2) = #M - #f/g_i >#{heU:h <diex /} - > #f/S, 

and since M*^-^^ is extremal we have M*^-^^ D U^^^ by Lemma 15.101 Let 

e = degp(/) = ^2 H h a„ + 62- 

Case 1. Suppose p{F) C uf and #F + #M(2) \ IS^^^uf < #f/|Va.- 

Observe M^^) d l+J^=, t/f ^ Let P be the super rev-lex set with #P = ^M^^) \ 
l+)5=,f/f\ and let Q C t/^^) be the super rev-lex set with j^Q = j^F + i^M^^^ \ 

[+)^^^ Uj'^\ Since p{F) is an upper rev-lex set of degree e + a2 and M^'^^ \ l+Jj=^ f/,-^'' 
is rev- lex, by Corollaries 14.51 and 14. 6[ we have 

e 

(7) m{Q) >z m{P) +m{p{F)) >z m{M^'^^ \ [+1 uf) + m{F). 

(See the first two steps in Fig. 15.) 
Observe that Q C f/<;+a2 

since jj^Q < #f/<e_|-a2 ^'^^ assumption of Case 1. Let 
U' = f/(2) ml3U^'H-(^2]). Since M(^3)[_;j ^ f/g'^[-a2] = f/'|t„ 

Ql+|M(^3)[-a2] C U' 

is a ladder set in U'. (See the third step in Fig. 15.) 

(2) 

Let g be the largest admissible monomial in U^g^_^_^^ over U' with respect to >diex 
satisfying 

G f/' : /i <dicx < #g l+l Af 
By the induction hypothesis, there exists Y C f/'^-'^-* such that 
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is a ladder set in U' and 

(8) X>Ql+|Af(^3\ 
Let 

d = e + a2 — e. 

We claim 

Lemma 6.5. g >icx x^pif). 
Proof. To prove this, consider 

L = {heU:h <die. /}. 
Then #M > #L and L^^^) ^ f;g2)^ p, ^ ^(i) ^ [f^s^x^-hj. Then p(F' 
52xr^^] l±J(l±lSli t/f ^ Als"o p(F') n \ y;^^ f/f )) = and 
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(p(F')l+)(L(m+|f/f)) = m(t/|V,^\[5,x^^p(/))) 



Let 



X 



6+02—62 ™d 



(See Fig. 14). 



Figure 14 



Then 02] C f/' is a ladder set in [/' and X2p{f) is admissible over U' by 

Lemma 15.91 On the other hand, 

e e 

#R 1+) L(^3) = #L - - # 1+) f/f ^ < #M - - # 1+) = #X. 

Since X2p{f) is admissible over U' and since i?[+)L*^-^)[— 02] = {h G U' : h <diex 
X2p(/)}, by the choice of g, we have 

^ >iex xip{f) 

as desired. □ 



R 
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Let H C Ue^'' be the rev-lex set such that 

e+a2 

p{H)= l+l UP\x^'[624-""^-''\9). 

Then by Lemma [4.31 

(9) m{H) + m(^g_0 h m{uf,^,^ \ [52xl+'^-~'\ g)) = m{X^'^). 
Let 

N={uSL\SH)\Su?I\+jY[+a,]cU. 

Since Y D U' 

<e+a2' 

have Y[+a2] D U),T . Thus AT is a ladder set in U. We claim 
that satisfies the desired conditions. 

Let fi = max>j^^ H. Then X2p{f^) = g. We claim that /i = /. Since g >iex X2p{f), 
P >iex /• Since g is admissible over U', p is admissible over U by Lemma [5l9l (If t = 2 
then Lemma [5^ is not applicable, however, if t = 2 then any monomial h G f/i^^ with 
^ >icx / is admissible). However, since = #M and N D {h E U : h <dicx Z^}, 
by the choice of /, we have f = p- 

It remains to prove N ^ M. This follows from (JTj), ([H]) and (jS]) as follows: 




(See Fig. 15.) 

Case 2. Suppose p(F) C and #F + #M(2) \ [+J^^^^ f/f ) ^ ^f;(2)^^^_ 

claim 

Lemma 6.6. / = SiXi^x"^ , that zs, 0:3 = ■ ■ ■ = a„ = 0. 

Proof. Suppose / 7^ (5ix"^X2^. Let (7 = 5ix°^X2^'^"^^""''"". Then g >dicx / is admis- 
sible over U by the definition of the admissibility. Also, 
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Figure 15 
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Since p{[g,Sixt''']) = l+l^f and M(^3) ^ f;g3)^ 



< #[^,<5,xr'^] + #f/g-#i+|f/j 



(2) 



which contradicts the assumption of Case 2. Thus / = (JiX^^Xg^. 

Note that the above lemma says p{f) = 62X2'^^- In particular, p([/, 

u;;rf/f . Let 

e+a2 



□ 



(See Fig. 16). 



Figure 16 



H 

Since p{F) is an upper rev-lex set of degree e + a2, H is a. lower lex set of degree 
e. Also, since #F + #M(2) > #?7gV,^, p(F) U M(2) d f/gj^^ by (A2). Thus 

Let i? be the super rev-lex set in f/^^) with #i? = #M^^^ \ H. Since M^^) \ if is 
rev-lex, by Corollary 14.61 we have 

(10) R > M(2) \ H. 

Then since < #M(2), 

is a ladder set. (See the third picture in Fig. 17.) 

Let Y C be the extremal set in t/^^^) ^j^^ #r = #i?[+)M(^3)_ ^Ve claim 

that 

AT = {/^ G f/« : <diex 
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satisfies the desired conditions. Indeed, since p{F) [+)// = l+J^l"^ Uj"^^ = p([/, 62xf^''^]), 
by f lTU]) . we have 

M = (f/«_^|+)F)l+)M(2)l+|M(^3) 

« {/iet/(^):/i<diex/}l+|V' = iV. 
(See Fig. 17.) It remains to prove that is a ladder set. Since 

#r = #M - e f/(i) : h <diex /} > #f/|'^ 

by the choice of /, we have Y D f/<~ by Lemma [5.101 This fact guarantees that 
is a ladder set. 



Figure 17 
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^<e-l 
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....f/(A).:..... 
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{h G f/(i) : <diex /} l±l(M(2) \ if) y M(^3) 



(1): 



{/i e f/(l) : /l <dlex /} l±l i? l±l M(^3) AT = {/i e f/(l) : /l <dlex f}\SY 



Case 3. Suppose p{F) (f_ l+J^l"^ ^f^- Then p(F) properly contains l+J^lg^ f/j^'' since 
p(F) is an upper rev-lex set of degree e + 02. In particular, F properly contains 
[/, We claim 

Lemma 6.7. / = b\x\^x^ and a2 7^ 0. 
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Proof. If ctfc 7^ for some A; > 3 then 61X1^X2'^'^ >dicx / is admissible over U. 
Then by the choice of /, F C [6ix'^'x2'+-+''" ,6ixt^'] and 

e+a2 

p{F) C p([5ixrxr+ -+"",5i<-''^]) = 1+) t/f , 

a contradiction. Also, if 0:2 = then e = degp(/) = which implies p{F) C 
= f/gV,^ = y;;^^ f/f \ a contradiction. □ 

Recall e = deg p(/). Thus 0:2 = e — 62- Let 

H = {heF:h >ie. /} 

and 

(yf = max H. 

>lcx 

By the choice of /, H contains no admissible monomials over U . By Lemma 
EZl p{F \H) = Uf\ Hence ^ by the assumption of Case 3. Since 

5iXi^'^^X2^'~^ is admissible over U , 

p{H) c p{[6,xr^'xr-\s,xrxr)) = u?\ 

is rev- lex. Also, e — 1 > 62 since U^!^ = {^2] and 7^ 0. 

If t = 2 then any monomial /i G t/i^'' with /i >iex / is admissible, which implies 
H = ^. Thus we may assume t > 3. 

To prove the statement, it is enough to prove that there exists Z C f/^-^-* such 
that 

(11) Z > /71+|m(^^). 

Indeed, if such a Z exists then = (M^^) \ ^) l+l M^^) [+J Z satisfies the desired 
conditions. Recall that e < e + 1 by Definition 15.21 

(subcase 3-1) Suppose 03 > e — (e — 1). 
Let d = e — {e — 1). Then 




is universal lex. Recall p{H) C U^_i. Let 

F = p(/7)l+)f/gUl+)M(^3)[+ci]. 

(See Fig. 18.) Then y is a ladder set since M^^^) ^ [/g^^\^^ = [/g^^. Also, 
^ since e - 1 > 62- 
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Figure 18 











PiH) 























P{H) 











Y 



(2) (2) 

Let fi G ?7<e_i be the largest admissible monomial in ?7<^_i over U' with respect 
to >diex satisfying ^{h E U' : h <diex p] < Then since we assume that 

Proposition 16.31 is true for f/', there exists Z C f/'*--'^-' such that 

r<{/iGf/('):/i<dicx/i}l+)^. 

To prove (|TT1) . it is enough to prove {/i G ^Z'-^-* : h <diex /^} = U^l_2, in other words, 
Lemma 6.8. ^ = 62xl~'^~'''^ . 

(9) 

Proof. Recall that f/</_2 0- It is enough to prove that deg/x 7^ e — L Suppose 

contrary that deg fi = e — 1. Let /i' G t/i^'' be a monomial such that p(/i') = /i. Then 
/i' is admissible over U by Lemma [5.91 Also 



#y - #f/il2 > #[/^, S2Xr'-''] + 4fUff\ = 52Xr'-'^] + #f/<e • 

Since #M(^3) ^ ^ - i^ufl^^ and since p([/i', /)) = [/x, ^s^-^-''^], we have 
= #(M\/7)l+|M(2)|+|i7l+|M(^3) 

> #(M\ if) l+|f/g !+)[/., 52<-^-^ll+)f/if^ 

> /) |+)(M \ if) 1+) f/g') = i^{heU:h <diex P'}, 

which contradicts the choice of / since p' >iex g >iex / and /i' is admissible over 
U. □ 



(>3) 



(subcase 3-2) Suppose as < e — (e — 1). We consider 
(See Fig. 19.) 
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X 



Let 

(see Fig. 20) and let 



Y = {he f/(^) : h <die. xT'^'-'^p{g)}\^M^^'^ 



g = max (y \ X) . 

>dlox 



Since e — (e — 1) > 03, e — (e — 1) > 1. Thus 



g = 62X2 



e-(e-l)-l 



and 



r(2)=xl+|{/.Gf/(2):/.<die.^7'}. 



Since 03 < e — (e — 1), degp(52a^2 ^^3~^^) = e + cts < e. Thus g' is admissible 

over U'^-'^\ 

Let /i be the largest admissible monomial in U^^ over U^-'^'^ with respect to >diex 
with #{h e ?7(^2) . 1^ <^^^^ ^} < ^Y. Since Lemma [El says that X contains no 
admissible monomials over U^-'^\ 

/i >dicx g' and fi ^ X. 

Since we assume that Proposition 16.31 is true for U^-'^\ there exists Z C U^-'^^ such 
that 

= {/,Gf/(') :/i<dicx/i}l+|^ 

is a ladder set and 
(See Fig. 20.) 

Figure 20 
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We claim 
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Lemma 6.9. = g' . 

Proof. Suppose contrary that fi ^ g' . Then /i >dicx q' and 

[/i,a:r^^-V^))|+)F(^)l+|Z. 

Then there exists jj,' G t/i^'* such that 



By Lemma [5^ /i' is admissible over U and /i' >iox >iox /• Observe that 

by the construction of Y and Z. Since Z D f^<^^\ 

#M > #(M«\/J)l+)ifl+)?7gl+|M(^3) 

= #(M«\i7)l+)[/gl+)zl+)[/i',/) 

= e f/ : /l <dlex /i'}. 

Since /x' is admissible over t/, this contradicts the choice of /. □ 
Now 

W = {heU^^^ ■.h<A,,^g'}\^Z 
and since > F and F = X l+J{/i G f/^^) : /i <di,, g'} [+J M^^^)^ ^ime 
m{Z) >z m(xl+|M(^^)) = m(/7 [+) M^-^^) , 

which proves ( fTTl) . 

6.3. Proof of Proposition 16.31 when / = Sixl'^^'^. 

In this subsection, we prove PropositionEJwhen / = 6ixl-'''-\ Let F = mIP . If 



F = then there is nothing to prove. Thus we may assume F ^ 0. Then M D UT ' 



since M is a ladder set. 

Case 1. Suppose 02 = 0. Since 5ix^^^^ is admissible over U , 5ix^^^^ ^ F. Indeed, 
if 5iX^^^^ G F then M D {/i G : /i <diex '^ia^2~''^}) which contradicts the choice of 
/. Thus 

F(i[5,xl~'\5,xl-'% 

and 

p{F)cip{[5,xt'\5,xt''])=Uf\ 

Consider 

X = p{F) l+l l+l M(^3) ^ f;{>2) 

and let Y C f/^-^^ be the extremal set with #F = #X. Since X is a ladder set in 
U^-'^\ by the induction hypothesis we have 

F>X 
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We claim 

Lemma 6.10. F^^) = ufl_^. 

Proof. Suppose contrary that F*^^^ 7^ U^<l-i- Let g = be the largest admissible 
monomial in Y^J over U'^-'^^ with respect to >diox- Since X D U^^^, we have 
Y D f^<eLi by Lemma 15.101 Thus degg = e and Y D U^^\ 

Let g' = 5ig. Since g = S2g is admissible over f/*^-^) and since p{g') = g, g' is 
admissible over U by Lemma EH Observe jj^Y = j^X < i^F + #M(^2) _ ^[/f ). 
Then 

> + + e f/(^2) : <diex g} 

= #f/ili + #f/i?+#[^7',5iO] 
= G f/ : /i <diex ^7'} 

which contradicts the choice of /. Hence F'-^-' = f/<e^_i. Q 
Then, since F ^ X, we have 

(12) ^^y^{>3)^ 

Let 

iV = f/«_^l+)M(2)l+|r(^3) 

Then is a ladder set since #^(^3) > ^m^^^\ Also > M by ([I2]). Thus A^ 
satisfies the desired conditions. 

Case 2. Suppose 02 > 0. Since deg/ 7^ e, we have #M < #?7<e t>y Lemma 15. 121 
Hence 

(13) #F + #M(2) < #M - < < #f/g+,,. 

Then, by {A2) and (A3), we may assume that p{F) fl M*^^^ = 0, t > 3 and there 
exists a d > e such that M^^) = L^g] and M^^\ 7^ f/^^\. 
Let 

A = {62U G p(F)e+a2 : divides u and 52^/4'^"'^"^''^'^ ^ P(^)rf+i}, 



and 

(See the second picture in Fig. 21.) 
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(subcase 2-1) Suppose #5 + #M(^3) < ^f/jj^^. Consider 



Since M(-^)[— 02] D U'^^^J^^, by Corollary 15.131 and the induction hypothesis, there 
exists the extremal set Q C f/'*--'^^ such that 

(14) Q>sI+|m(^3) 

Let P be the super rev-lex set in f/(^) with #P = ^M^"^^ + ^p{F)\B. Then since 
p(F)<e+a2_i i+Ji? is rev-lex, Corollary 14.61 shows 

(15) m(M(2)|+|p(F)\5) = m(M(2)) +m(p(F) <e+a2-il+|^) ^ m(P). 
(See the second step in Fig. 21.) We claim that 

N = U^iL[^P[^Q[+a2]cU 

satisfies the desired conditions. Indeed, by ( fill) and ( ITSj) . 

m(Ar) ^m(f/^liyM(2)y (p(F)\5)y (5yM(^3)^) =m(M). 

(See Fig. 21). It remains to prove that is a ladder set. If p{F) \ i? = then P = 
M(2), and therefore iV is a ladder set since #Q > #M^^^\ Suppose p{F) \ 5 7^ 0. 
Recall that p(F) n M(2) = 0. Since 



< < #^ = #p(F)<e+a2-ll+|i^l+)M(2) < #f/^ 

we have 



(2) 

<e+a2 — 1' 



?7^'^ c P c f/^'^ 



Then by Lemma [5.101 what we must prove is 
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Figure 21 
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'^<e-l 



+02- 



U<e-l\ijP\SQ 



^=^S-ll±)^l±)Q[+«2] 



Since #4'^ = ELi for all i > and A; > 0, we have 



(16) 



J=3 



for all > 0. Since p{F) \ P ^ 0, #P = #p(F)e+„, \ A > i^U^^^ ' Thus 

e+a2 e+a2 e+a2 — 1 



r(2) 



j=d+2 



j=d+2 



j=d+l 
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(we use (|T6l) for the last step) and therefore 

e+a2-l 
d+1 

as desired. 

(subcase 2-2) Suppose #5 + #M(^3) > j^uf^^^. We first prove 
Lemma 6.11. p{F) ^ \^fJi^^uf\ 
Proof. Suppose contrary that p{F) D l+lj=d+2 ^j^'' ■ Then 

e+a2 — 1 



#p(F)\i? = #(p(F)\(Al+|5))l+)E = # 1+) f/f 



r(2) 

' <e+a2— 1 



j=d+l 

by the choice of E. Then 

#(p(F)\5)l+|M(2)>#^( 

and 

#M = #f/g_, + #p(F) + #M(^^) > #f/g_, + #f/SV,,_, + = #f/S, 

where we use the assumption #i? + #M*^-^) > ^f/j+aj for the second step. However, 
since deg/ < e and 02 > 0, Lemma 15. 121 says 

a contradiction. □ 

The above lemma says that e + 02 > d + 2 and p(F)rf+i = 0. Thus B does not 
contain any monomial 62U such that u is divisible by X2^^"^'*~'''^^^''. Hence 

6+02+03 
p(S)C l+l f/f. 

j=d+2+ai 

Since M^J^ 7^ f/^^\, by Lemma [EISl 
We claim 

Lemma 6.12. = 0. 

Proof. If 03 > then 

6+02+03 

#5 + #M(^3) < # 1+) t/f ) + < ^^2+02+03 = #f^i?o. , 

j=d+2+03 

which contradicts the assumption of (subcase 2-2). □ 
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M 

By Lemma [5.15[ 

Hence by the assumption of (subcase 2-2) 

e+a2 
j=d+3 

Let 

B = /[+) 

such that I is the set of lex-largest monomials in B and G is the rev-lex set 
withp(G) = l±)5^3[/f . (See Fig. 23.) 

Figure 23 



I J G 










H 











B y M(^3) 

Since p{B) C l±Jj';d+2 f^f ^ P(^) ^ f^i+V Let C C be the lex set in with 
#C = #p(/) = If we regard f/(-^) as an universal lex ideal in K[ 

then H and C are lex sets in K[x3, . . . with the same cardinality. Hence C = 
X3H. Then, by the interval lemma, 

(17) m{H) = m{C) h m{p{I)) = m{I) 

Let P C be the super rev-lex set with jj^P = jj^A + jj^J + ^M^^). By the 
choice of G, G is the set of all monomials G p{F) such that u is not divisible by 
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Let 

(See Fig. 22.) 
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^e+a2-(rf+2)^ Also, since B does not contain any monomial 62U such that u is divisible 
by X2~^'^^~^'^'^^\ any monomial in J is divisible by 62X2'^°''^~^^~^'^\ Then a;-(e+«2)+(i+2 j q 



is a rev-lex set. Since M^^) 



X. 



-(e+a2)+(rf+2) 



J) is rev-lex, 



is m (P) >z m(M(2) 1+1^1+) 
(See Fig. 24.) 



-(e+a2)+(d+l) 



J) =m(M(2) 1+1^1+1 J). 



Figure 24 
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Let 



Q = p(F)\(Al+)i?) = p(F)<e+.,_i 

ippose that i^P + i^Q < i^ufl^^^_ 
super rev-lex set with = ^P + ^Q. Then since Q is an upper rev- lex set of 



(subcase 2-2-a) Suppose that ^P + < i^ufl^^^_^. Let R C f/^^) be the 



degree e -|- 02 — 1, by Corollary 14.51 and (|T8ll 
(19) m(i?) ^ m(P|+)g) ^ (M(2)|+JaI+) JI+)Q) 

On the other hand, by Lemma I5.15[ 

#i7 + #M(^3) <#t/|j^,. 



£+012 7'r('') 



Then since p(G) = U] 



<e+a2 



(2) 

e+a2 • 



Let f/' = f/(2) 1+J(1+JL3^^'^[-«2]). Observe that M^^^[-a2] D f/'<e?a2- Then Lemma 



15.131 and f fT7|) say that there exists an extremal set Z C f/''-^'*[— 02] such that 
(20) Z > Gl+)i/l+)M(^=^) > GI+|/1+|m(^=^) 

(See Fig. 25.) 
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Figure 25 
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We claim that 

N = UII,\^R\^Z 
satisfies the desired conditions. Indeed, by (fT9|) and (!20!) . 

N » t/£iii+)(M(2)yAyji+)g)i+)G'y/y 

» t/2-il+)Fl+)M(2)l+)M(^3) 
= M. 

(We use p{F) = A[+JJ[+)J[+)G[+)Qand m(F) = m{p{F)) for the second step.) It 

(2) (2) 

remains to prove that is a ladder set. Since C R C f/<g^„2-i is enough to 
prove that Z D t/<^+ i. Since p(G') = [+)^ 



|e+a2 ^ 



(3) 



Jj=d+3 "^i ' 

e+a2 

#Z = #(iJl+)M(^^)l+|G)>#f/|J,l+|( 1+) t/f)>#f/^ 



{>3) 

<e+a2 — 1' 



(We use > #f/jzf for the last step.) Then Z D f/gj^^.i by Lemma EIO] as 

desired. 

(subcase 2-2-b) Suppose that #P + #(5 > #f/. 



(2) 



Note that 



i^P + 4^Q + i^I + i^G = i^F + i^M^'\ 

Then #M(2) [+J F > #f/i5+a2-i- Let R be the super rev-lex set with #i? = #M(2) + 
#F. Then #i? = #M(2) + #F < #f/2+„, by (US]). Since #i? > #P + #Q > 



f/. 



(2) 

<e+a2- 



there exists a rev-lex set i?' C U^+a2 such that 

^ = f^SVa2-ll+l^' 

i?> m(2)|+|p(f). 



(2) 

<e+a2 — 1 



Also by Corollary 14. 5 [ 
(21) 

Since #F + #M(^2) < we have #5' + #M(^3) < ^[/jj^^. Then by Lemma 

15.131 there exists the extremal set Z C f/*^-^-* [— 02] such that 
(22) B'\^M^^^\-a2]'^Z. 
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We claim that 



satisfies the desired conditions. 
By (EH) and ([22]), 



(See Fig. 26.) 



Figure 26 
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It remains to prove that is a ladder set. What we must prove is 

^{>3) 
<e+a2 — 1' 



Z[+a2] D f/?') 



By the assumption of (subcase 2-2-b), 



#M(2) + #F - #(/y G) = #g + #P > #t/|Va2-i- 



Then 



Then in the same way as the computation of in (subcase 2-2-a), we have 
Then by Lemma |5.10[ Z[+a2] D ?7<g!|.''Q2_i as desired. 
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7. Examples 

In this section, we give some examples of saturated graded ideals which attain 
maximal Betti numbers for a fixed Hilbert polynomial. Observe that, by the decom- 
position given before Definition 13. 7[ the Hilbert polynomial of a proper universal lex 
ideal I = {61,62, ■ ■ ■ ,St) is given by 

\ n—l J \ n—2 J \ n—t 

where bi = deg 6i for i = 1,2, ... ,t. 

Example 7.1. Let S = K[xi, . . . ,X4] and S = K[xi, . . . ,X3]. Consider the ideal 
/= {xl,xlx2,XiX2,xl,xlx3) C S. Then 

1,3 2 15, _ ft + 2\ ,ft-4:\ ,ft-9 



Hj(t) = -r + 1 + 1 , , , , , , , 

6 6 \ J \ 2 J \ I 

and the proper universal lex ideal with the same Hilbert polynomial as / is 
Let 

f/ = sat L = (L : x^) = (xi, xl) C S 
and c = dimx U/L = 5. Then the extremal set M G U with #M = 5 is 

M = Xi{l,Xi,X2,X3}l+)x^{l}. 

Then the ideal in S generated by all monomials in ?7 \ M is 

J = xi{xl, X1X2, X1X3, xl, X2X3, xl) + xl{x2, X3) C S, 

and J has the largest total Betti numbers among all saturated graded ideals in S 
having the same Hilbert polynomial as I. 

Example 7.2. Let S = K[xi, . . . ,^5] and S = K[xi, . . . ,Xi]. Consider the ideal 

4 ). Then / is a proper universal lex ideal. Let 

U = sat I = {l : = (xi, x\, X2X3) C S 

and c = dim?7 // = 15. Then the extremal set M C ?7 with #M = 15 is 

M = Xi{l, Xl, X2, X3, X4, X2X3, X2X4, X3, X3X4, X4} l±l xl{l, X2, X3, X4} l±l X2X3{1}. 

Then the ideal in 5* generated by all monomials in [/ \ M is 

7 / 2 22 232 2 3n 

J = Xl l^X]^, X1X2, X1X3, X1X4, X2, X2X3, X2X3X4, X2X4, X3, X3X4, X3X4, X^j 

-\-X2{x2, X2X3, X2X4, X3, X3X4, X4) + X2X3(X3, X4) 

and J has the largest total Betti numbers among all saturated graded ideals in S 
having the same Hilbert polynomial as I. 
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